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No simple arbitrage for fractional Brownian motion 
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Abstract 

We prove the following result: For (Z t )ten a fractional Brownian motion 
with arbitrary Hurst parameter, there does not exist any stopping time r 
adapted to the natural filtration of the increments of Z such that, with 
positive probability, r a local minimum at right of the trajectory of Z. 


1 Introduction 

1.1 Context 

In this article, we consider a filtered probability space (0,P, 13, {Bt)te r). Notation 
‘w’ will implicitly refer to eventualities of 0; we will use it from time to time when 
needing to make the dependency on the random phenomenon perfectly clear. We 
consider a (bilateral) Brownian motion (Wt)te R whose increments are adapted 
to our filtered space, which means, for all t £ R, for all u ^ 0, (Wt+ U ~ Wt) is 
R-measurable, while for all v ^ 0, ( Wt+ V — Wt) is independent from Tt- 

We fix once for all some arbitrary parameter H £ (0,1) (so that, in the sequel, 
“absolute” constants may actually depend on H ) such that H ^ 1/2; moreover, in 
all this article, (H — 1/2) may be referred to as i]. Then we consider the fractional 
Brownian motion (fBm) ( Zt)teK driven by W with Hurst parameter H, which 
means that 

Zf.= C r [ {(t-s)l-(~s)l)dW s , (1) 

J R 

(with the convention that 0 r = 0 Vr € R), where 



Then, the properties of Z are well known: it is a centred Gaussian process whose 
increments are adapted to (Rf)t, with Var(2^ — Z s ) = \t — s\ 2H and Zq = 0 a.s.; 
its trajectories are locally (H — e)-Holder with divergence in 0(\t\ H+£ ) at infinity, 
etc. (see [2, Chap. 2] by example). 

Remark 1. Here the integral in the r-h.s. of (1) should be seen as a deterministic 
integral rather than as an Ito integral. Indeed, integrating by parts, one has: 
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(here in the case t > 0), 


C^Z t = I ((* - s)l - (s)l)dW s 

= f° ((t-s) f >-(-s) T >)dW a + f (t — s) v dW s 
J —co J 0 


l0 


{(t - s y - (syi)w s -r, {(t- sy - 1 - (-sf- 1 ) w,* 


J S= — co 


+ 


1 1 


' —co 
rt 


(t - sr(W s - Wt) -V (t- aT~\W a - W t )ds 


J s=0 


= FWt - V / ((t - s)^- 1 - (-s) ? r ) (W a - l a > 0 W t )ds, (3) 


where all the computations are licit (with absolutely converging integrals) because 
of the properties of regularity and slow divergence of the (ordinary) Brownian 
motion. 

Rem.ark 2. It has to be stressed that in all this article, actually we are not in¬ 
terested in the values themselves of the processes W and Z, but rather in their 
increments. This way, the fact that Wo, Zo = 0 should be considered as a mere 
convention, completely unessential though convenient. 


1.2 Main result 

Now we turn to defining the central concept of this article, which we call “arbitrage 
stopping times”: 

Definition 3 (Local minimum at right). For I:R->Ra (deterministic) tra¬ 
jectory, t € R, we say that t is a local minimum at right (l.m.a.r.) for X when 
the following holds: 


3e > 0 Vn€[0,e] X T+V ^X T . (4) 

Definition 4 (Arbitrage time). For (Xt)te r a real random process, for t a ran¬ 
dom time, we say that r is arbitrage for Z when there is positive probability that 
r(w) is a local minimum at right for Z(ui). 

In this article, our goal will be to prove the following 

Theorem 5. In the context of § 1.1, there does not exist any stopping time adapted 
to (Btjt which would be arbitrage for Z. 

Rem.ark 6. As the increments of Z are adapted to the filtration (. Bt)t , obviously 
in Theorem 5 we may replace that filtration by the filtration generated by the 
increments of Z. 

Rem.ark 7. In this article we are only considering the case H 1/2, but Theorem 5 
is trivially valid for H = 1/2 too, since then the fBm Z is nothing but the ordinary 
Brownian motion W itself, for which the result follows immediately from the 
Markov property and the local properties of oBm. 
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Stated informally, Theorem 5 means that, if you are discovering the trajectory 
of a fractional Brownian motion along time, you cannot find a time at which you 
might foresee that the trajectory would go on upwards. So, this is a kind of very 
weak “martingale” property for the fBm, showing that the existence of correlations 
for it does not allow you to make anything yet. 

The motivation for Theorem 5 comes from the article [1] by C. Bender, where 
it is explained that this result would be incompatible with the possibility, for a 
financial random process undergoing a fractional Brownian motion (or rather an 
exponential fBm), that it had an opportunity of so-called “simple arbitrage”, [cf. 
[1, Prop. 3.3]]. So, our theorem shows that making an arbitrage on a fBm is 
necessarily “complicated”. 

1.3 Outline of the proof 

The sequel of this paper is devoted to proving Theorem 5. In § 2, we will see how 
one can get rid of the notion of stopping time to get Theorem 5 back to a result 
on the trajectories of the fractional Brownian motion. In § 3, we will make the 
needed result on fBrn’s trajectories more precise, by establishing a law of iterated 
logarithm for some variant of the fBm. Next, an issue will be that we have to 
control the probability of an event being a union over a continuous infinity of t’s: 
that issue will be handled by § 4, in which we will use regularity estimates on the 
fBm to get our continuous union back to a finite union. Finally, after all these 
simplifications it will only remain to prove some estimates on Gaussian vectors, 
which will be the work of § 5. 

Some technical results will be postponed to appendices. In particular, in Ap¬ 
pendix A we will compute the precise expression of the “drift operator” appearing 
in Lemma 15 describing what the law of the fBm becomes when you condition it 
by a stopping time: this formula, though not actually required to prove our main 
result, looks indeed intrinsically worthy to be written down to my eyes. Also, 
in Appendix B we will investigate some basic properties of “thick” subsets of N; 
and in Appendices C and D we will prove two lemmas on resp. the supremum of 
Gaussian processes and the inverse of nearly diagonal matrices. 

2 Conditional future of the fractional Brownian motion 

2.1 Preliminary definitions 

To begin with, it will be convenient to set some notation for certain sets of tra¬ 
jectories: 

Definition 8 (Sets V and F). 

• We denote by V [like “past”] the set of the (deterministic) paths (Af u ) u ^o 
such that: 

1 . Xq = 0 ; 

2. X is locally (H — e)-Holder for all e > 0; 

3. X u w ^=°° 0(\u\ H+e ) for all e > 0. 

• Similarly, we denote by F [like “future”] the space of the paths (X v ) v ^o 
satisfying the analogues of conditions 1-3 for non-negative times. 
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Remark 9. With the notation of Definition 8, one has almost-surely that, for 
all t € R, (Z(u) t+U ~ Z{u) t ) u<0 € V and (Z(u) t+V - Z(u) t ) v ^ 0 <E T. [cf. [2, 
Prop. 1.6 & Prop. 2.2.3]]. 

We also define a certain “drift operator”: 

Definition 10 (“Drift operator” D). Let D: V —>• JF be the linear operator such 
that, for X € V: 

(DI)„:= / K(u,v)X u du , (5) 

J — OO 

where 

K(u ’ v) = mkx) x { 

[0 

V / {U>u£, v -i(s - u,v)C-n-i{~s,s - u) - £ v -i(-u,v)£- v - 1 {-s,-u))ds 

— v{v — (6) 

where II(*) is Euler’s pi function extrapolating the factorial, and where we denote, 
for r € R, a, b > 0: 

£ r (a, b) := (a + 6) r — a r . (7) 

Remurk 11. Note that, since H € (0,1), the integrals in (6) and (5) do converge 
(absolutely) indeed, and D is well-defined on the whole V with values in T. 

Remark 12. The equations (5)-(6) defining D, though interesting as such, shall 
not play an essential role in this article. What is really important to have in mind 
is the moral meaning of this operator: actually D was defined so that, informally, 

(DT)» = E(Z„| (Z u ) u ^o = (-X’u)^o)- (8) 

The formal meaning of (8) will be made clear by Lemma 15 below. 

Finally we define a process called the “Levy fractional Brownian motion”, 
which is a kind of unilateral version of the “regular” fBm: 

Definition 13 (Levy fBm). If (W v ) v ^o is a (unilateral) ordinary Brownian mo¬ 
tion, then the process {Y v ) v ^o defined by 

Y v := Ci [ V (v — s) v d\V s (9) 

Jo 

(interpreted via the same integration by parts trick as in (3)) (and where we 
recall that C\ is defined by (2)) is called a Levy fractional Brownian motion (with 
Hurst parameter H) —or, more accurately, the law of this process (which (9) 
defines without ambiguity) is called “the law of the Levy fBm”. 

Remark 14. From the regularity properties of the oBm, it is easy to check that 
the trajectories of the Levy fBm lie in T a.s.. 
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2.2 Conditioning lemma 

Now we can state the key lemma of this section: 

Lemma 15. In the context of § 1.1, for r a stopping time, ((Z T+V — Z t ) v ^q — 
D((Z T + U — Z T ) U ^ o)) is independent of B T , and its law is the Levy fBm. 

Rem.ark 16. In other words, Lemma 15 states that, conditionally to B r (or, 
morally, knowing the past trajectory of Z until r), the law of the future tra¬ 
jectory of Z is equal to a “deterministic” drift, term D ((Z T+U — Z r ) u <^ q) plus a 
“random” noise term being a Levy fBm. 

Proof of Lemma 15. As the increments of W are adapted to conditionally to 
B r , the past trajectory (W T + U — Wt) u ^o °f (the increments of) W is deterministic, 
while its future trajectory (W T ^ V — W t ) v ^q still has the unconditioned law of a 
standard oBm. Therefore, for t ^ 0, we split 

Z T+t -Z T = C 1 [ ((T + t - 8)1 - (r - s)\)dW s 

(i) Jse R 

= C x [ ((t-s)l-(-s)l)dW T+s 

s-i-s-r J s£ R 

= c 1 f° {(t-u) r >-(- U y)dW T+u + C 1 f (t-v)W T+v , (10) 

J u=—oo J v= 0 

in which the first term is deterministic and given by some function of (W T+B — 
B / r ) u ^0) while the second term (seen as a trajectory indexed by t) has the law of 
the Levy fBm indeed. 

To end the proof, it remains to show that the aforementioned first term (seen 
as a trajectory indexed by t) is equal to D {(Z T+U — Z t ) u ^q) indeed. Since this 
point is actually not needed to prove our main result, we will postpone it to 
Appendix A. □ 

2.3 Reformulation of the main theorem 

Thanks to Lemma 15, we will be able to get a sufficient condition for Theorem 5 
in which there are no stopping times any more. For this we need first an ad hoc 
definition: 

Definition IT (Arbitrage path). We say that a deterministic path (X u ) u ^q € V 
is arbitrage , and we denote U X € A”, when, for Y a Levy fBm: 

P(0 is a local minimum at right for (DX + Y(w))) > 0. (11) 

Now, Theorem 5 will be a consequence of the following 

Proposition 18. In the context of § 1.1: 

P(3f € R ( Z(ui)t+ U ~ ^( w )t)tts;o £ -4) = 0. (12) 
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Proof of Theorem 5 from Proposition 18. Let r be any stopping time. Then, writ¬ 
ing the law of total probability w.r.t. the er-algebra B r : 

P(t(w) is a local minimum at right for Z(oj)) 

= E(P(t is a l.m.a.r. for Z(lv ')| £> r ) (w)) W 
= E(P(0 is a l.m.a.r. for ( Z(uj') t+v — Z{u') t ) v ^q\ £> r )(cj)) 

= E(P(0 is a l.m.a.r. for (D {(Z T+U - Z T ) U ^ 0 ) + T(u/)))M) 

= E(0 whenever (( Z(u) T+u - Z(u>) T ) u ^ 0 ) <£ A) = 0, (13) 

Prop. 18 

so that t is not arbitrage. □ 

So, in the sequel, our new goal will be to prove Proposition 18. 


3 Local behaviour of fBm’s trajectories 


3.1 A law of the iterated logarithm for the Levy fBm 


«•“ In all this article, we denote [n[ := Nn [0, n) = {0,1,2,..., n— 1}. A subset 
T C N will be said to be thick when it has positive upper asymptotic density: 


lim sup 

n—>oo 


N»fl 

n 


> 0 . 


(14) 


A few basic results on thick subsets of N are gathered in Appendix B. 
The first main result of this section is the following 


Lemma 19. Let r G (0,1) and let I be a thick subset o/N; then, for Y a Levy 
fBm: 


lim inf 

iei 
i—> oo 


7 ,, 


(log i) 1 / 2 r^* 


- H - 1 / 2 a.s.. 


(15) 


Rem.ark 20. Actually only the sense of (15) (which is the harder one) will be 
needed in this article. 


Proof of Lemma 19. It will be convenient in this proof to assume that Y is driven 
by some oBm W according to (9). Then, for v ^ 0, let us define 

Y v := [ {v-s^dWs, (16) 

J rv 

resp. 

prv 

Y' v := Y v -Y v = (v- s) v dW s . (17) 

Jo 

First let us study the Y r T s. Obviously these random variables are independent, 
with Y r i / r Hl ~ M{0, (1 — r) 2H / 21L) Vi. Now, using that P(jV(0,1) ^ —x) ^ 

^'hri this computation I am using notation ‘u/’ when referring to an eventuality for the con¬ 
ditional law P(*| B T ), while ‘w’ is reserved to eventualities for the unconditioned law. 
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e a;2 / 2 / 2\fXnx for x ^ 1,I 2 ! we get that for i large enough: (having fixed some 
arbitrary small e € (0,1)), 

P(y ri / (logz) 1/2 r m < -(1 - e)(l - r) H H^ 2 ) 

= F(AT{0, 1) ^ -(1 - e)V2(log i) l/2 ) 

> r {1 ~ £)2 / (1 - e)4V7r(logi) 1/2 ' =°° ^(r 1 ), (18) 

where “/(*) = Q(g(i)) n means that g(i) = 0(f(i)). As X is thick, the series 
Siex* 1 is divergent (c/. Lemma 36 in Appendix B), thus so is 

< 19 > 

Since the events concerning the different Y r i’ s are independent, it follows by the 
(second) Borel-Cantelli lemma that almost-surely there are infinitely many i € X 
for which Y r % / (log i) 1 ^ 2 r Hl ^ —(1 — e)(l — r) H so that: 

Kl ai nf (log.yXm < -f 1 - e >(l - a.s„ (20) 

£—>•00 

in which the factor (1 — e) may be removed by letting e —>• 0. 

Now let us handle the yf’s. One has Y' ri / r Hl ~ A/"(0,1 — (1 — r) 2H / 217); 
therefore, using that P(AA(0,1) ^ x) ^ e _a;2//2 for all x,[ 3 l we get that: (having 
fixed some arbitrary small £ > 0), 


P(l£ / (log i) 1 ^ 2 r Hi > (1 + e)(l - (1 - r) 2 ^) 172 ^- 1 / 2 ) 

= P(jV(0,1)^(1 + e)V2(log z) 1/2 ) < i" (1+£)2 . (21) 
The series ^ieX* _ ^ 1+£ '* 2 convergent since * _ ^ 1+£ ^ 2 is, thus so is 


£' 

iex 


y'. 


(\ogi) 1 ^ 2 r Hl 




(l + e)(l- (1 -r) 2H ) 1/2 H~ 1 / 2 


( 22 ) 


It follows by the (first) Borel-Cantelli lemma that almost-surely there are only 
finitely many V s for which Y r i / (log i) l / 2 r Hl ^ (1 + e)(l — (1 — r) 2H ) l / 2 H~ 1 / 2 , so 
that: 

iimsup —- Hi <(! + £)(!- (1 - r) 2H ) L/2 H~ 1/2 a.s., (23) 

ie x (log i) l / 2 r Hl 

i—> oo 

in which the factor (1 + e) may be removed by letting e —> 0. 

Summing (20) and (23), we get an intermediate result: 


Proposition 21. Under the assumptions of Lemma 19, almost-surely: 


lim inf 

iex 


K, 


(log iy/ 2 r Hl 


^ -A(r), 


(24) 


where 

A(r) := ((1 - r) H - (l - (1 - r) 2H ) 1/2 )7T 1/2 . (25) 

^This is because of convexity of the density y <p(y) '■= e~ y /2 / \/27r on (—oo, —1]: from 
this property you deduce that fX x tp(y)dy ^ ip(—x) 2 / 2ip'(—x) = <p{—x) / 2x. 

131 This is because E(e a:A7< ' 0 ’ 1 - > ) = e x ^ 2 , from which the claimed formula follows by Markov’s 
inequality. 
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So, now it remains to improve the constant A(r) in (24) into H _1 / 2 . For this, 
we begin with observing that the Levy fBm is scale invariant with exponent H 
(by which I mean that for a £ R?j_, (Y av / a H ) v ^o is also a Levy fBm); therefore, 
Proposition 21 has the following 


Corollary 22. Under the assumptions of Lemma 19, fora £ R+, one has alm.ost- 
surely: 


liminf — 77 -- ar . ^ — A(r). 

iex a H (logi) 1 / 2 r Hl 


(26) 


Now let k > 1 be an arbitrary large integer; and take l € [fc[ such that 
J := {j G N| kj + l £ X} is thick—existence of such an l is guaranteed by 
Lemma 35 in Appendix B. Then one has: 


lim inf 

iel 


Y ri 


(log i) l / 2 r Hl 


^ liminf 

jeJ 


Yy.kj + 1 

(log (kj + l)) 1/2 r H(k j+ l) 


= liminf 

j&J 


Y^y.1 

j^l/2 ’ 


(27) 


where in the last equality we used that (lo g(kj + Z)) 1 ^ 2 (logj) 1 / 2 . But, 

applying Corollary 22 with ‘r’ = r k , ‘a’ = r l and ‘X’ = J, the r-h.s. of (27) is 
bounded above by —A(r fc ); so, 


lim inf 

i€I 


Y ri 


(log i) l / 2 r Hl 


^ -A (r k ). 


(28) 


Letting k tend to infinity, A (r k ) tends to H 1 / 2 , which proves the sense of 

(15). 

For the sense, it is the same reasoning as for deriving (23), just replacing 
“X'” by “-Y” and “(1 - (1 - r) 2H ) / 2 H" by “1 / 2 H". □ 


3.2 Arbitrage condition as a limit 


For all the sequel of this article, we fix some r £ (0,1) small enough (in a sense 
to be made precise later); we also fix arbitrarily two parameters a £ (0,1) and 
p € (0,1). Then we define, for all n > 0: 

An := {(A u )^o £ v\ card{i € [n[| (DI) ri ^ aH^ 12 (log i)^ 2 r Hl } ^ pn }. 

(29) 

Then we have the following connection between A and the A,f s: 


Lemma 23. 

A C liminf A n . (30) 

ne N 

Proof. We prove the contrapositive inclusion. Let (X u ) u ^q £ V be such that 
X lim inf {An}, that is, the set {n\ X ^ A n } is unbounded; and set 

X := {i £ N| (DI) r i < afT 1 / 2 (log!)fr ffi }. (31) 


One has by definition that |Xn [n[| / n ^ 1 — p for all n such that X (f A n ; as these 
n are unbounded and 1 — p > 0, it follows that X is thick. Therefore, Lemma 19 
gives that for almost-all Levy fBm Y(lu), one has that 


lim inf 

i£X 


Y(u) r i 

(log i) 1 / 2 r Hi 


^ ~H~ 1/2 . 


(32) 



On the other hand, the definition of X obviously implies that 


lim inf 

iei 


(D X) ri 
r Hl { log i) 1 / 2 


^ aH~ 1/2 . 


Summing (32) and (33), it follows that almost-surely: 


l.m.nf (DX + ^»- 
iex (log 


^ -(1 -a)iW 1/2 < 0. 


( 33 ) 


(34) 


But (34) implies that (DX + Y(u)) r i is negative for values of r* arbitrarily close 
to 0, so that 0 is almost-surely not a local minimum at right for (DX + 
therefore X A, which is what we wanted. □ 


3.3 Second reformulation of the main theorem 

Thanks to the work of this section, we are now able to show that the following 
result will be a sufficient condition for Proposition 18: 

Proposition 24. In the context of § 1.1: 

P(3t € [0,1] (Z(ui)t+u ~ Z(u;)t)u^o € A n ) —> 0. (35) 

Proof of Proposition 18 from Proposition 2f. Proposition 23 implies that 

{uj G 3t G [0,1] ( Z(io)t+ u ~ Z(uj) t )u^o € A} 

C lim inf {a; | 3t G [0,1] (Z( Lo) t+u ~ Z(uj) t ) u ^o € A n }\ (36) 

n—>• oo 

therefore, by the (first) Borel-Cantelli lemma, Proposition 24 yields that 

P(3t G [0,1] ( Z(lo)i+ u ~ Z(uj)t) u ^ o £ A) =0. (37) 

But, since the increments of the fractional Brownian motion are stationary, in 
(37) we may replace [0,1] by [n, n + 1] for all n G Z; and then, by countable 
union, we get the wished result (12). □ 

So, in the sequel, our new goal will be to prove Proposition 24. 


4 Pathwise control via pointwise control 


4.1 A regularity result 


One of our issues to prove Proposition 24 is that we have to bound the probability 
of an event defined as a union for uncountably infinitely many f’s. To overcome 
this issue, we will need a tool to “get rid of the trajectorial aspects” of the problem: 
this is the work of this section. 

First, we need a little notation: 

Definition 25 (Processes P; and variables Tj). Within the context of § 1.1, for 
i G N, we define the following random process (indexed by t G R): 


P(u;)t := 


D ((Z(uj)t +U - Z(uj)t) u ^ o) {r l ) 


r Hi 


We also define the following random variable: 

D((X(o;) u )^o)(r i ) 


r*M := TiMo = 




(38) 


(39) 
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Then, the main result of this section is the following 

Lemma 26. In the context of this section, there exist absolute M constants C a > 0, 
Cb < oo (whose exact expressions do not matter) such that for all i £ N, for all 
T > 0: 


P(3t € [0, T] ^C b exp(-C a (r7T) 2/M1 ). (40) 


Proof. First, since Z is scale invariant with exponent H (and operator D preserves 
that scale invariance), it will be enough to prove Lemma 26 for i = 0; so we will 
only handle that case. Then the subscript i becomes useless, so we remove it in 
our notation. 

Because of the characterization (8) of D, f/ may be written as a function of 


W: 



(t — s) v )dW s . 


(41) 


That shows that f is a stationary centred Gaussian random process, with 


Var(f t - f 0 ) = / (l s < t (t + 1 - s) v - l ss£0 (l - s) v - (t - s)^. + (-s) ? |) 2 ds 

J R 

= 0 O(P A1 ). (42) 

To go further, we need the following lemma, whose proof is postponed to 
Appendix C: 

Lemma 27. Let (Xt) te [o.i] be a centred Gaussian process such that Xq = 0 a.s. 
and 

Vt, s € [0,1] Var(X t - X s ) < | 1- s\ 2e (43) 

for some 8 £ (0,1]. Then it is known that, by the Kolmogorov continuity theorem, 

X has a continuous version. The present lemma states that, for this continuous 

version, the random variable ||X||(w) := sup te r 0 ^ | X(u)t\ is sub-Gaussian with 

absolute constants, i.e. there exist constants C c {8) > 0, C<\(0) < oo such that 

Vx ^ 0 P(||X|| > x) ^ Cd exp(— C c x 2 ). (44) 

We apply Lemma 27 in the following way. From (42), one has Var(Ft — 

Celt — s| 2 " A1 for all t,s £ [0,1], for some C e < oo. Therefore, for T ^ 1, the 
random process 

X(u) t := (C e T 2HM )- 1/2 (t(u) tT ~ r(w)) (45) 

satisfies the assumptions of Lemma 27 with '8' = H A 1/2, so that (44) yields: 

P(3 1 £ [0, T] \(ti) t - > x) < C d exp(-C c C- 1 x 2 / T 2HM ). (46) 

This implies (40) for T ^ 1, with constants not depending on T. On the other 
hand, up to replacing Cb by ( e Ca - V Cb), (40) is automatically true for T > 1; so 
the proof of Lenuna 26 is completed. □ 

^Remember that in this article, “absolute” constants may actually depend on H. 
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4.2 Third reformulation of the main result 

Now, we will see how Proposition 26 allows one to find an easier sufficient condition 
for Proposition 24. First of all, we have to introduce a little notation: in this 
section, we fix some arbitrary of £ (0, a),p' £ (0 ,p), and we define A' n by the 
variant of Equation (29) in which a and p are replaced by resp. a' and j/; also, 
we fix some arbitrary f £ (0, r), and we set 


T n := f n . (47) 


Now, we introduce the following events of Q: 
Definition 28 (Events A n , A' n , A n , A% and A*). 


A n 

= M 




(48) 

A' 

n 

= m 

(Z{w) u ) u ^ o G A' n }; 



(49) 

A n 

= {w| 

3t £ [0, T n 

] {Z(to)t.+u 



(50) 

Jk 
A n 

= H 

3t £ [kT n , 

(k + l)T n ] 

\. u Z{ui)t) u ^.o 

£ A n }‘, 

(51) 

A* 

A n 

= H 

31 £ [0,1] 

(Z (to)t+ u 

Z(w)t) u ^0 ^ ^n}* 


(52) 

Then we 

claim 

that 





Lemma 29. 

For n large eno 

ugh, 




to £ A n 

x A' n 

=► 3i 

£ [n[ 3t £ 

[0, T n \ \fi(uj) t - Ti(u) 

)I>1- 

(53) 


Proof. Assume that u £ A n \ A' n . Then the fact that u £ A n means that there 
exists some t £ [0, T n ] such that ( Zt +U — Zt ) u ^o £ A n . For such a t, going back 
to the definitions (29) and (38) of A n and r,, this means that 

card{z £ [n[| (fj) t ^ aH~ 1/2 (log i) 1 / 2 } ^ pn. (54) 

Similarly, the fact that to A' n means that 

card{z £ [n[| Tj > a'H^Aflogi) 1 ^ 2 } < p'n. (55) 


Therefore, there exist at least (p — p')n indices H’ such that (f^)* ^ aH~ 1 / 2 x 
(logi)^ 2 while (for the same i) F,; < a'H^ 1 / 2 (log i)V 2 . Necessarily one these 
indices is ^ (p — p')n — 1; thus, for such an i, one has: 

(fOt-Ti > (a-a')H- 1/2 (\og{(p-p')n-l)) 1/2 . (56) 

But, provided n ^ (e H ll a ~ a ') 2 + 1) / (p — p'), the r-h.s. of (56) is ^ 1; so in the 
end we have found i £ [n[, i £ [0, T n ] such that |Fj(u;)t — rj(cu)| ^ 1, proving the 
lemma. □ 


Combining Lemma 29 with Lemma 26, we get that 


n —1 


P (A n ^A' n )^J2 C * exp(-C a (r i / T n ) 2HM ), 

i =0 


(57) 
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in which the right-hand side is obviously bounded by 

nC b exp(-C a (r/f) (2/M1 ) n ), (58) 

which shows that P(A n \ A ' n ) decreases superexponentially in n (i.e. faster than 
any exponential). 

Now A* C Ufcelfi/Tnll A^ w h ere P(AJj) = P(A n ) VA; by translation invariance, 
so it follows that 

P(A;) < \l/T n ~\ P(A„) < [f- n l (P(A(,)+P(A n \0) = \f-^nK)+oii). (59) 

Our goal being to prove that P(A*) —>• 0 as n —>• oo (that is just re-writing 
Proposition 24 with the notation of this section), it will be sufficient for that to 
prove the following 

Proposition 30. P(A(J decreases superexponentially in n. 

So, as A' n corresponds to a condition on a finite-dimensional Gaussian vector, 
we have managed to get completely rid of the trajectorial aspects of the problem! 
Now our ultimate goal will be to prove Proposition 30. 

Rem.ark 31. As the “prime” symbols would be somehow cumbersome, we will drop 
them in the sequel, thus actually proving the superexponential decrease of P(A n ). 
Nevertheless this should not be confusing, as the constraints on a and p (and 
therefore on A n ) are the same as on a' and p' (and therefore on A' r J. 


5 Final computations: controlling a Gaussian vector 

5.1 Covariance structure 


In this section, for X ’ a symbol and I a discrete set, “Xj ” will be a shorthand 
for“(Xi)i a ”. 

So, our goal is to prove the superexponential decay of P(A n ), which can be 
re-written as 

P(A n ) = P(card{i € [n[| Tj ^ aH~ x ! 2 (logz)+ 2 } ^ pn ) (60) 

(where Tj was defined by (39)). (60) obviously implies that 

P(A„) ^ J2 P ( Vi e I F ^ otH ~ 1/2 (log i) 1 / 2 ). (61) 

icM 

\I\'^pn 

As there are only 2 n subsets of [n[, to prove that P(A n ) decreases superexponen¬ 
tially it is therefore sufficient to prove that 

sup P(Vi el aH~ 1/2 (log i)+ /2 ) (62) 

/C[n[ 

\I\^pn 


decreases superexponentially. 
Now, by (8) one has 


CM 



(- S p)dW(u;) s - 


(63) 
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therefore T]\j is a centred Gaussian vector, with: 


Covers) 





~ S 


= r ~\i-j\H 



- S 


(syi)(( r j - s yi -(- s y)ds 

(-*)•») ((i-a)*-HO’O* 

^ C { A 1/2 ~ mi ~ j K (64) 


for some absolute constant Cf < oo. Therefore, provided r was chosen small 
enough, we have the following control on the covariance matrix of Tn: 

Covfl^Tj) = ct 2 for i = j; (65) 

|Cov(Tj,r i )| ^ cr 2 ^* - - 71 for i / j, (66) 

where e > 0 is some small parameter which will be fixed later, and where a := 
Var(r) 1 / 2 > 0 (since H / 1/2). 


5.2 Density estimates 

To exploit (65)-(66), we need the following lemma (whose proof is postponed to 
Appendix D): 

Lemma 32. For n € N, s > 0, let A =: ((a*j))ij<=[«,[ be a square matrix such that 
an = 1 Vi and \aij\ ^ Vi j. Then: 

det A ^ exp(—n<hg(e)e 2 ), (67) 

where <h g : (0, 00 ) — > [l,oo] is some absolute function (in particular, not depending 

on n) such that <h g (g) e ^>° 1 —we will call such a function a quasi-one function. 
In particular, provided e is small enough, A is invertible. Then the present lemma 
asserts moreover that, denoting A -1 =: ('■ 

2^l" 1 (<h h (e) £ )l^l Vi/j; (68) 

\bn - 1| < 2$i(e)e 2 Vi, (69) 

for <hj and <hh some other absolute “quasi-one functions”. 

We apply Lemma 32 to the covariance matrix of T| n j (assuming e was chosen 
small enough so that <h g is finite); then, the formula for the density of Gaussian 
vectors gives that: 


# ( r W = 7 [n[) ^ f exp( < h g (e)g 2 ) Y' t/2 ^ 


d'y 


2ircr 2 


ex p(^2(( _1 + 2 ^ i ( £ ) £2 ) ^ + \ \7i\hj\ x ( 2 ^h(e)£) l? J| )Y (70) 

ieM *je[n[ 


*je[n[ 


Bounding above | "T* 11 TV I by 5(7 1 + 7J), that is bounded again by 


(*,(£)/2™ 2 )” /2 e Xp (— 

i€[n[ 


2 ' 

7i I, 


(71) 
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where 


$j(£) := exp($ g (e)e 2 ) 


(72) 


and 

*kOO := (l - 2<h i ( £ ) £ 2 - \ Y ( 2< M £ ) e ) N ) (73) 

zez * + 

are “quasi-one functions” again. 

In the sequel we assume that e was chosen small enough so that $j(e), d>k(e) < 
oo; and we dehne the following vectorial random variable (which we are actually 
only interested in through its law): 

Definition 33 (Variable IIn). IIn is a random vector on R N whose entries are 

i.i.d. jV(0, < hk(e) 0 ' 2 )- 


Then, Equation (71) can be rephrased into: 


= 7|n[) 

dP(n [n[ = 7[ n [) 


< (4>j(e)4’k(e))" /2 


uniformly in 7 [ n [. 


(74) 


Therefore, for I C [n[ with |/| ^ pn: 


P(Vz el Tj ^ aR- 1 / 2 (logi)+ 2 ) < 

($j(e)$ k (e)r/ 2 P(Vie/ Ui^aH-^ilogi) 1 / 2 ). (75) 

But 


P(Vz ei ni ^ aH~ 1/2 (log i) 1 / 2 ) 

= jjp(n* ^ aH~ l / 2 (log if_l 2 ) 
iei 

= ]JP(M(0,l)^C l (logi) 1 l 2 ) 
iei 

< IW-Ogzc / 2 ) 

iei 

= JJ(* v 1 ) _C 1 2/2 

iei 

< (|/| - l) + !- C > /2 < (M - l) + !- c i 2 / 2 (76) 

(with C\ := ai7 -1 / 2 / < hk(e) 1 ^ 2 o'), where the penultimate inequality comes from 
ordering I =: {zq, zi, ..., zi/i_i} with io < h < • ■ ■, and observing that then ^ j 
for all j, so that (ij V l)~ c \/ 2 ^ (j V l)~ c ?/ 2 . 

Combining (75) with (76) shows that P(T ? ; ^ aiL -1 / 2 (log z)+ 2 Vz € I ) de¬ 
creases superexponentially in n uniformly in /, which finally proves Proposition 30 
and hence Theorem 5. □ 


A Conditional expectation of the fBm 


This appendix is devoted to ending the proof of Lemma 15 initiated in § 2.2. At 
the point we have got to, what remains to do is showing that 

r0 


Ci 


(( v ~ s )v _ (_ s y)dW T+s 


(77) 
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(seen as a trajectory indexed by v £ R+) is actually equal to ~D{(Z T+U — Z t ) u ^q) 
with D defined by (5)-(6), where W is the ordinary Brownian motion driving the 
fBm Z. To alleviate notation, actually we will only prove this result for r = 0, 
the original case being the same up to time translation of the increments (hence 
the informal definition (8) of D). 

The starting point for our computation is the Pipiras-Taqqu formula , which 
says that Equation (1) defining the past increments of Z as a function of the past 
increments of W has an “inverse” giving back the past increments of W from the 
past increments of Z: 


Proposition 34 ([3, Cor. 1.1]). In the context of § 1.1, one has almost-surely, 
for all t: 

w ' = n (78) 

(Recall that !!(•) is Euler’s pi function extrapolating the factorial). 


<•“ From . now on in this appendix, it will be convenient to shorthand “1 / 

n(y?)n(-77)” into “C H ”. 

So, let us use (78) to get (5)-(6). First, like (1), Equations (77) and (78) have 
to be interpreted by integrating by parts: for v ^ 0, s ^ 0, that means resp. that: 

(77) = rA /° 6,-1 (~s,v)W s ds- (79) 

J — oo 


Cf l C H 

7* 7° 

rj ^_ v _i(t-s,-t)(Z s -Z t )ds + r] (-s) -J?_1 Z s ds + (-t) -?? Z t , (80) 

J — oo J t 

where we recall that £ r (a, b ) := (a + b) r — a r . Hence, (77) is equal to: 


r*0 rs 


V 2 C h 


^-i(-s, n)A-i( s - u,-s){Z u - Z s )dsdu (81) 


f s=— OO j U— —oo 
/•0 r0 


+ V 2 C H [ [ 6,-1 (~ s >v)(-u) n 1 Z u dsdu 

J s= —oo J u=s 


+ vCh / £ r} -i(-s,v)(-s) v Z s ds. (83) 

J — OO 

Now we are going to re-write each of the terms (81)—(83) as an integral against 
Z u du, in order to get (5)-(6). First, Term (83) is already of the wanted form, up 
to renaming ‘s’ into ‘u\ Next, Term (82) simplifies into: 

(82 ) = ifC H f (f 6-i {-s,v)ds)(-u)~ r, ~ 1 Z u du 

J u =—oo s = —oo ' 

7° r i u _ 

= -ijCh / ^ v (-s,v) (-u) v 1 Z u du 

.1-00 1 is=-oo 

7° 

=-vCh / £ v (-u,v)(-u) v 1 Z u du. (84) 
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Term (81) is the hardest to get into the wanted form, because splitting naively 
the factor (Z u — Z s ) would yield divergent integrals. To bypass that problem, we 
first make a truncation: for e a small positive number, 


(81) ~ r/ 2 C H 


fO r(l+e)s 


^ri— 1 ( s, , u)£_ ? j—i (s u, s)(Z u Z s )dsdu 


' s= — oo J u= — oo 


ll2 ° H /[ s<0 

^_i(-s,-u)^_ r? _i(s - u 

J u<(l+e)s 


” 2Ch // .<0 

^7j-l(-S,v)^-r/-l(s - U 

J M<(l+£)s 



(85) 

( 86 ) 


By the change of variables (s. u) <— (u — s, u), 


(85) = ifC H 


£«/(!+£) 


S>u€r )-1 (s~ U, s - u)dsjZ u du ; (87) 


and by the change of variables (s, u) <— (u — s, s ), 


/»0 p£U 

(86) = -r] 2 C H / ( £, v - 1 (-u,v)£- v - 1 (-s,-u)ds)z u du 

Ju=—oo 'Js=—oo ' 

/ reu/(l+e) . 

~ —rfC H / (/ ^_i(-rr,n)^_i(-s,-u)ds)z u du, (88) 


r U= — OO 'JS= — OO 


where by we mean that, for all v, the difference between the two members 
from either side of the sign tends to 0 as e —>• 0, as one can check by simple 
estimates. So, 

r 0 . rsu/(l+e) . 

(81) « ifC'H / ( / J(v,u,s)ds)Z u du , (89) 

J —oo V-oo ' 


with 


J(v,u,s ) := l s>M ^ ? _i(s-rr,u)^_i(-s,s-?r)-^_i(-rr,u)^_i(-s,-rr). (90) 

But f° J(v, u, s)ds does converge, so, letting e tend to 0, we get in the end: 

(81) = t] 2 Ch f (f J(v,u,s)ds)z u du. (91) 

J —OO —oo ' 

Summing (83), (84) and (91), and observing that ^_i(— u, v)(—u)~ r] —^ ri (—u, v)(—u)~ v ~ l 
—v(y — u)’ n - 1 {—u)-' n ~ 1 , finally yields Equation (5)-(6). □ 


B On thick subsets of N 


Remember that we have defined a subset X C N to be thick when 


lim sup 

n—> oo 


|zn[n[| 

n 


> 0 , 


(92) 


where [n[ := {0 ,... ,n — 1} is the set of the n smallest natural integers. In this 
appendix, we will prove two basic properties of thick subsets of N which we used 
in the body of the article: 
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Lemma 35. Let X be a thick set of integers and let k > 1. Then there exists 
l £ [&[ such that the set 

{j €N\jk + l€ 1} (93) 

is thick. 

Proof. Let X be a subset of N; and for l £ [fc[, denote the set defined by (93) as 
' Jl . Then the s make a partition of X; so, for n £ N: 

ln[r»[= U {{kJi +l)n [n[) = □ (fc(Jin[[(n- l)/kM)+ l). (94) 

Thus, 


n 


\Ji n [\(n - l) / k] [| 

n 

ze[fc[ 


-£ 

ze[fcj 


f(n-/)/fc] \ Ji n [f(n — Z) / fc~| [| _ 
n |"(n — /) / Af| 


(95) 


and therefore, letting n —>• oo: 


lim sup |InWI < V JT 1 lim sup . |j ' 0 Wl 

n— >oo ^ . r t it m—>oo 

ze[fc[ 


'' ze[fc[ " wo ° 

So, for X to be thick, one at least of the .Xj’s has to be thick, proving the lemma. 


(96) 

□ 


Lemma 36. If I C N is thick, then the series 


iex 


is divergent. 

Proof. Assume that X is thick and let 


p := lim sup 

71—» OO 


|xn[n[ 


n 


(which then is positive); and fix arbitrary p > p' > p" > 0. 
Then, there will be arbitrarily large n € N such that 

|Xn [n[I ^ p'n, 


(97) 


(98) 


(99) 


so that we can define the following sequence by induction: no = 1, and nk+i is 
the smallest n satisfying (99) such that njt+i ^ n k / ( p' — p"). 

Now, observe that 

|x n [n k , n k+ 1 )| > |X n [n fe+ i[| - n k ^ p'n fc +i - (p' - p")n k+ 1 = p"n k+ i, (100) 
so that 


V] i 1 ^ |Xn [n fe ,n fc+ i)| inf i 1 ^ p"n fc+ i x nj^ = p", (101) 

_ r , iexn[n fc ,n fc+1 ) 

Xn[n fc ,n fc+ i) 


and therefore: 


n * 1 =°°> 

k=0 


iex 

iStl 


fc=o iex 

ra fc <t<ra fc+1 


proving the lemma. 


( 102 ) 


□ 
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C Explicit estimate for the supremum of Gaussian pro¬ 
cesses 

Proof of Lemma 27. Let 9 G (0,1] and let X satisfying the assumptions of the 
lemma. Then obviously, for the continuous version of X: 

OO 

HAIM ^ SUP \ X ( U )a2~i -X(uj) {a+ i) 2 -i|. (103) 

<=o ae I 2i I 

Therefore, for ( 7 f)i a sequence of positive real numbers such that YliJi = 1> one 
has that, for all x ^ 0 : 


P(||X|| ^ x) < J^P( sup \X a2 -i -X {a+1)2 -i \ > 7ix) 
i =0 ae I 2I I 

^ ^ 2 * s upP(|X a2 -i - X [a+1)2 -i \ ^ 7 iX ). (104) 

a 


But, uniformly in a, 

^ > {\ X a2~ i ~ X (a+ 1)2— f I ^ li x ) = P(A^(0, 1) ^ 7;X / Var 1 / 2 (X a2 -i — -X"( a+ 1 ) 2 -*)) 

^ P(AA(0,1) > 2 id ^/ix) ^ 2 exp(—2 2 * e_1 (7jx) 2 ); (105) 

so, taking 7 * := (1 — 2 ^ 0 / 2 ) 2 — * 0 / 2 : 

OO 

P(||A|| ^x) ^ ^2 2* +1 exp(—(1 — 2 _0 / 2 ) 2 x 2* 0_1 x 2 ). (106) 

i=0 

Provided x ^ 2 / (1 — 2 ~ e / 2 )9 1 ! 2 =: C m (6), one has (bounding below by 
(1 + * 01 og 2 )) 

exp(—2 i 0 x 2 / 2(1 - 2 -0 / 2 ) 2 ) ^ exp(—x 2 / 2(1 - 2 ~ 0 / 2 ) 2 - log(4)i), (107) 

so that, for x ^ C m : 

OO 

P(|| A|| ^ x) < 2 i+1 4"^ exp(—x 2 / 2(1 - 2" e/2 ) 2 ) =: 4e“ Cc(0)a;2 . (108) 

i= 0 

On the other hand, for x < C m one has obviously P(||X|| ^ x) ^ 1; so Equa¬ 
tion (44) follows with Cj := 4 V e c ' cC ™. □ 

D Almost diagonal matrices 

Proof of Lemma 32. Consider A satisfying the assumptions of the lemma, and 
denote I n — A =: H. The first part of this proof will consist in deriving estimates 
on the entries of H and its powers. Denote respectively 

H —. ((^ij))ijg[n[) 

H =: 


18 


Vk ^ 0 . 


(109) 

( 110 ) 



Then the assumptions of the lemma ensure that one has \hu\ = 0 Vi, resp. || ^ 
e l*-il \/i ^ j, and hence 

i>i- +1) i< E i^'ii4ii = E eN "* ,| i /i ft ) i vi,j vfc. (in) 

i'e[n[ i'V* 

That suggests to define by induction: 

fli 0) := 1*= 0 Vz € Z 

< ( ) (fc+ 1 ) := VzGZ Vfc^O, ( 112 ) 


so that one has 

Vi,j Vfc. (113) 

(k) 

The interest of having introduced the J ’s is that these are easier to bound 
(k) (k) 

than the h'- 's themselves. To bound the f) z J, s, we begin with observing that one 
has obviously by induction: 


fyW = '^2 £ Ei 6 [fc[bi- s i+ll 

(0,Sl,S2,--.,Sfc-l,z) 

0Vsi,siV s 2,...,sfc-iV^ 


y^cardj(0,si,s 2 , ■ ■ .,s k -i,z) s i+ i / s { Vi and ^ 


n> 0 


| ^z+11 — ^ 


k- 

(114) 


To bound the cardinality appearing in (114), we observe that a (k + l)-tuple (0, 
si, s 2 , ■ ■ ■, Sfc-i, z) such that Sj + i / s t Vi and ~ s *+il = n ( we will call such 

a (k + l)-tuple as valid ) can be coded by a word of n symbols from {+, +|, —, — |}, 
in the following way: successively, for each i we write (|sj+i — Sj| — 1) symbols 
“sgn(sj+i — Sj)” followed by a symbol “sgn(sj+i — Sj)i”—for instance, for k = 5, 
z = 2, n = 8, one would have 


(0,1,4, 2,1, 2) i—>• a + |H I h|-1—1+|”- (H5) 

Obviously such a coding in injective. Moreover, for given k, z, n, an n-character 
word may be the image of a valid (k + l)-tuple only if z and n have the same 
parity, that the word contains (n + z) / 2 symbols from {+,+|} vs. (n — z) / 2 
symbols from {—, —|}, and that k exactly of the n symbols, necessarily including 
the last one, are from {+|, — |}. Henceforth: 


cardi 


j(0, si,s 2 ,-.. ,Sk-i,z) Sj+i ^ Si Vi and - s i+ i| = nj 


V 1, 


n 


n — 1 


^ n - z \(n-\z\)/2j U-l 
In the end, combining (113), (114) and (116): 


(116) 


iV‘ l i«E( |i_J \ +2 "0( l ^ i l-T _1 ) el ’" JI+2 ” v « v *- < 117 > 

m^O V m / V / 
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After these preliminary estimates, let us turn to proving the lemma itself. We 
begin with the first part, namely, bounding detA below. For X =: an 

n X n matrix, denote 

||X|| := sup ^2 \xij\ : (118) 

j&M ie | n[ 

||*|| is the operator norm of X when seen as an operator from ^ 1 ([n[) into itself, 
so it is sub-multiplicative. Then, the formula 

OO 

log(I„H) = J2 (H9) 

k =1 

converges as soon as ||H|| < 1, then yielding: 

OO 

|tr log(I n — H)| ^^fc-^trH*! 
k =1 

< 0 + ±|trH 2 | + n^&- 1 ||H fc || 

3 

< i|trH 2 | + n^fc _1 ||H|| fc . (120) 

k^ 3 


But the assumptions on the entries of H imply that 

IIHII < X (121) 

26 Z* 

which is < 1 as soon as e < 1/3; and on the other hand, we get from (117) that, 
for all i, 

l4 2) | < ^2 ( 2 ™) ( 2m - l ) £2m < 2e2 + ^2 2 2m (2m - l)e 2m =: 2$ n (e)e 2 , (122) 

rra^l ' ' m^2 


so that |trH 2 | ^ 2?r<h n (e)e 2 . In the end: 

det A = det exp log(I n — H) = exp tr log(I n — H) 

^ exp I — n^ n {e)e 2 — k~ l 

\ 3 



exp(-n^ g (e)e 2 ), (123) 


which is Equation (67). 

Now let us handle the second part of the lemma, namely, bounding the entries 
of (A^ 1 — I n ). Provided ||H|| < 1, one has 

OO 

A” 1 —I n = J]H\ (124) 

k =1 

so that 

OO 

V*,j. (125) 

k =1 
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To bound the r-h.s. of (125), we write that, starting from (117): 


IX-’i < E 

k>l m^O 


E 

m>0 


| i — j | + 2 m 
rn 

\i — j | + 2?n 
m 


\i-j\+2m 

E 

fc=i 


i — j | + 2m — 1 


r |i—i|+2m 


L |i-j|+2m>l 


fc - 1 

2\i-j\+2m-l e \i-j\+ 2 m 


'm^O 


i- j\ +2m\ fA j 
m 


(4e 2 ) m ^ x (126) 


But we observe that, for z ^ 1, x > 0, 


E 

m>0 


z + 2m 


m 


x = 


1 + E 

^ 1 + Y^ 


z + 2m 
m 


x m ^i + j2 

rrifzl x 7 m^l 

(2*r + (4mr m 


(z + 2m,) 1 


m\ 


mil 


ml 


\ —'k (2 ZX)' 11 \ ^ m 2rr 4eX 

^ 1 + > 2 -+ > (4ex) = e 2za: + - 

^ m! ^ 1 


m>l 


m>l 


— 4ex 


<|e2l + I if i^l < 127 ) 


so that here, for i ^ j: 


Y} h t]\ < ^o(4e 2 ) l *- il x 2l < - J 'l" 1 el i - J 'l =: 2l i -^“ 1 ($ h (e)e)l i - J 'l, (128) 


fc=i 


which is Equation (68). 

Equation (69) for the case i = j is derived in the same way as (68), with just 
a few minor differences at the beginning of the computation: namely, in the 1-h.s. 
of (126), we treat apart the cases u k = 1” (which yields zero here since h tl = 0 
by assumption) and “k = 2” (which has already been handled by (122)); then all 
the sequel is the same. □ 


Remark 37. The bounds (67)—(69) of Lemma 32 are optimal at first order. Actu¬ 
ally this is much more than needed to prove Theorem 5, and we could have got a 
sufficient result with a shorter proof; but it seemed interesting to me to state the 
sharp version of the lemma. 
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